
PRML 13.3-13.3.2

12/7/2018

Kazunori Sakai



Outline 2/44

HMM LDS

continuousdiscrete

maximum likelihood



Contents 3/44

Ø13.3 Linear Dynamical Systems
Ø 13.3.1 Inference in LDS
Ø 13.3.2 Learning in LDS



13.3 Linear Dynamical Systems



Motivation behind LDS 5/44

<latexit sha1_base64="nJ4PaDWcGLJqblnlpUarvV5Pz0Y="></latexit>

<latexit sha1_base64="x1tYp+agnmgdGSrqolLa6EjSZ4U="></latexit>

non-temporal

non-observable:

observable:

Ø non-temporal
<latexit sha1_base64="o67GmM33Y8vOaoVz6/OuD0aLr7Q="></latexit>Ø given a single measurement :

Ø given lots of measurements :
<latexit sha1_base64="mPdum5jrJmKamjAFbeyyOqIurhc="></latexit>

Ø Estimating z with observable x.

<latexit sha1_base64="u735SM6HSE/2/9viXs16Lj8V89c="></latexit>

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

<latexit sha1_base64="73hmnNxKpL26KoWdb+HSzGLRL7I="></latexit>

<latexit sha1_base64="LkiKuSyEp5KXehLk577ZpwiUM7I="></latexit>

<latexit sha1_base64="sKzmamoQ79/qGvrkx8cFxYFIpC8="></latexit>

…

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

<latexit sha1_base64="LkiKuSyEp5KXehLk577ZpwiUM7I="></latexit>

<latexit sha1_base64="sKzmamoQ79/qGvrkx8cFxYFIpC8="></latexit>

<latexit sha1_base64="uawi/Z8uf9VnF/qaBxEg4i+rEu8="></latexit>

<latexit sha1_base64="SUFUhv9oqsAAGsB6P8yo3McZtA4="></latexit>

…

<latexit sha1_base64="73hmnNxKpL26KoWdb+HSzGLRL7I="></latexit>

temporal

Ø temporal

Ø will be a new source of error.
<latexit sha1_base64="qdCg6MJyW96rZUuCw/An8HcoR1w="></latexit>
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Ø temporal

<latexit sha1_base64="YAIttKGk1GRBzVFGCHDJMwRFf/A="></latexit>

Ø change slowly, noise level is high.

Ø change quickly, noise level is low.

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

long window

short window

Ø How to form a weighted 
average?

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

long window.

short window.
Ø More recent observations will contribute more.

weighted window
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mixture models HMM

continuous latent 
variable models

<latexit sha1_base64="v5oQheRLfUvxPFdgmxuzYTIMf4c="></latexit>

<latexit sha1_base64="yaAbqRrUlPuqSC26a0Jyq876uaw="></latexit>

<latexit sha1_base64="RZFEUvB84WoF4HrvjkMgga1JH0A="></latexit>

LDS

discrete

continuous

temporalnon-temporal



Requirements 8/44

Ø Efficient algorithm for inference.

<latexit sha1_base64="JI0cLEeoo7jV5e9hgB29pQwEW5U="></latexit>

<latexit sha1_base64="LmmoZuxVtrVyj7NOWxBHb5WJ78s="></latexit>

Ø distributions belonging to the exponential family.

same form

※cited from PRML13.2.1-
13.2.2_Enomoto #20

<latexit sha1_base64="2OzvJZxL7ziq92NYE7EIk5MSD6I="></latexit>



Linear-Gaussian Models 9/44

PRML 8.1.4
PRML 2.3

<latexit sha1_base64="VJsPWP3AwH/VbMKtCz+uSz2nQX4="></latexit>

<latexit sha1_base64="sHIv9x3KiYbMD+soHJ0cDwNbIX0="></latexit>

<latexit sha1_base64="HQXmn0qFVedEypSv1Ky4hkphM/g="></latexit>

<latexit sha1_base64="Pik2LQAyauPAiXwEwRV9x/5Ha5g="></latexit>



Linear-Gaussian Models 10/44

<latexit sha1_base64="vZpsBHFlhJc8AoPoRSJ3o0TzMyw="></latexit>

<latexit sha1_base64="dTOHcljwazKXYwhXx7FUO0CsbNA="></latexit>

<latexit sha1_base64="54ZJ5EXKY2ji28/9jVmb2FZyqLg="></latexit>

<latexit sha1_base64="FDZ5oeDPe7iGOLKXqonndYw+PvQ="></latexit>

<latexit sha1_base64="/PCCBTf22hJdx8brKsX4nNCTo5A="></latexit>

<latexit sha1_base64="Z468b7Dd6q/uqE352gGj0RqXeME="></latexit>

<latexit sha1_base64="ctWCUBikCfSlij1mQyv/BvT8cu8="></latexit>

<latexit sha1_base64="UkZHJTr0OZAxK+OKDK903X8wA/s="></latexit>

<latexit sha1_base64="BHmQ6hxL0imLK/MCj/0QWwHZG4Y="></latexit>

<latexit sha1_base64="oIA9bj7m4EhK/M1lSMvC8/wWZds="></latexit>

<latexit sha1_base64="jtDh9B2+6FcZYcBcD1w7XwsO0kA="></latexit>

Gaussian
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<latexit sha1_base64="HVOw9foFXqEx1GW9mDbB225F17k="></latexit>

<latexit sha1_base64="jPMA+xpethgjvrZuNKEtpgoI2HU="></latexit>

<latexit sha1_base64="z0ah6M526fhFeMIwrtI6QUTY+3g="></latexit>

<latexit sha1_base64="/vp1JqoD2H3S3kDkY9h9SF2R6DE="></latexit>

<latexit sha1_base64="L18TUq4awKn3Jt/yNA85LSojFSw="></latexit>

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

<latexit sha1_base64="sugUcRBQ52E/W+ywan3UBX493iM="></latexit>

<latexit sha1_base64="CEEZaIUBuCOoRAdDPUusDdQBE/E="></latexit>

<latexit sha1_base64="GAsKXbUz8QWxrReixDG/GdFJgWI="></latexit>

<latexit sha1_base64="ptJ55NAC3N0FmYoXi/udCEqzoPE="></latexit>

<latexit sha1_base64="v5oQheRLfUvxPFdgmxuzYTIMf4c="></latexit>

<latexit sha1_base64="yaAbqRrUlPuqSC26a0Jyq876uaw="></latexit>

<latexit sha1_base64="4cHpXJrwaYnUsPLlp2vsszRb49U="></latexit>

To measure z using three 
noisy sensors.

GMM Gaussian?GMM
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<latexit sha1_base64="GFDDGsZQ8hi8aqlkd08jXTcgeBI="></latexit>

<latexit sha1_base64="rTU5xs5BC/BIMgBkxObIbnCUHps="></latexit>

<latexit sha1_base64="1lW8B6wObMC3usXr/vF9/DGgWyU="></latexit>

<latexit sha1_base64="vU2GjnJjffAmd5Be0iHJpdmN9Q8="></latexit>

<latexit sha1_base64="W9zX4+0uNQ8NWUElTYUmFJLd5DQ="></latexit>

<latexit sha1_base64="oBphaQ3z6EEhzRaK8d/psbONnrA="></latexit>

<latexit sha1_base64="BSjSeYgIQt978wL9eYCafkaK3qY="></latexit>

<latexit sha1_base64="W9zX4+0uNQ8NWUElTYUmFJLd5DQ="></latexit>

<latexit sha1_base64="W9zX4+0uNQ8NWUElTYUmFJLd5DQ="></latexit>

<latexit sha1_base64="yaAbqRrUlPuqSC26a0Jyq876uaw="></latexit>

<latexit sha1_base64="v5oQheRLfUvxPFdgmxuzYTIMf4c="></latexit>

Marginal distribution is 
a mixture of Gaussian.

<latexit sha1_base64="r/NbXmfXVQO2AEwMQni3EhJSkk0="></latexit>

Ø Exact inference will not be practical.
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<latexit sha1_base64="B2PQqwLMb3Bn6RBhDkHvnQOWSws="></latexit>

<latexit sha1_base64="Yiq9yzYR6QqxX/Dp0CPdqkXXtOY="></latexit>

<latexit sha1_base64="epytwhljqTTAK7BWJ68kchDRyZY="></latexit>

Ø The transition distributions.

Ø The emission distributions.

Ø The initial latent variable.

Ø The parameters. 

<latexit sha1_base64="Czjh4uGHpjZCWE7ESQFbpccCNKI="></latexit>
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<latexit sha1_base64="0ss2Zpka0TQJPnikT8YXONb6Wr0="></latexit>

<latexit sha1_base64="ik9tfdtFX2ynmL/dXVeWgbmg+LM="></latexit>

<latexit sha1_base64="B2PQqwLMb3Bn6RBhDkHvnQOWSws="></latexit>

<latexit sha1_base64="Yiq9yzYR6QqxX/Dp0CPdqkXXtOY="></latexit>

<latexit sha1_base64="epytwhljqTTAK7BWJ68kchDRyZY="></latexit>



13.3.1 Inference in LDS



Form of 
must be Gaussian.

The forward equations 17/44

Objective: 

Given:
<latexit sha1_base64="Czjh4uGHpjZCWE7ESQFbpccCNKI="></latexit>

<latexit sha1_base64="YxcfHki3FxOI5VlS3IkyiF3TloM="></latexit>

<latexit sha1_base64="r36PINsL4y5XnSmg6HuuFH3wIQI="></latexit>

<latexit sha1_base64="YQDoB6vicIORfmQDBT4TLaY7alc="></latexit>

: Gaussian

: Gaussian
<latexit sha1_base64="qVsyqP3pPgp/I3xlg1w429MHpaw="></latexit>

<latexit sha1_base64="mhjmdTOa0uVELSdV6Wn5MofINOc="></latexit>



The forward equations 18/44

<latexit sha1_base64="yRNL12wsxk17kzIHa1myT0Rdv2Y="></latexit>

<latexit sha1_base64="2OzvJZxL7ziq92NYE7EIk5MSD6I="></latexit>

<latexit sha1_base64="B2PQqwLMb3Bn6RBhDkHvnQOWSws="></latexit>

<latexit sha1_base64="Yiq9yzYR6QqxX/Dp0CPdqkXXtOY="></latexit>

Ø Determine
<latexit sha1_base64="1Mc2Fg7wgHwEK6qpfStmS2HgE9c="></latexit>

Assuming 
are known.

<latexit sha1_base64="Ihns2iIjfBBhDXsrj4ZqvfuA8lo="></latexit>

<latexit sha1_base64="y7KPXfqspnGz96IY1tEmOtVafV0="></latexit>



The forward equations 19/44

<latexit sha1_base64="DclIyGJ/eDSUf0KgLsVUXYWD0No="></latexit>

<latexit sha1_base64="a8c/4H47Er02uMwHgImL5VSuWts="></latexit>

<latexit sha1_base64="IWjwJfbl7EEpC7F8NM1GyFeu3LA="></latexit>

<latexit sha1_base64="L18TUq4awKn3Jt/yNA85LSojFSw="></latexit>

<latexit sha1_base64="TIVcS+kPQxOhQPm+QKqJDrfJ4CQ="></latexit>

<latexit sha1_base64="m/xQlvPIrFkTm5YiiisC6k0r2Us="></latexit>

<latexit sha1_base64="4FAE61uTD/CInSgOs4zxSvCsyPM="></latexit>

<latexit sha1_base64="L18TUq4awKn3Jt/yNA85LSojFSw="></latexit>

<latexit sha1_base64="8WgcexPfLp1iUgOa5kZB2oNW8Xw="></latexit>

<latexit sha1_base64="HVXlNoxExKsh/hEqQF+/ciUdQmM="></latexit>

<latexit sha1_base64="uJLxcv+Jtu6xlI3g6yk/goMh9As="></latexit><latexit sha1_base64="S6bQEcb++XiEIcU89ctPTWhUYkE="></latexit>

<latexit sha1_base64="QpELeXQL9lFsrq9evs8TJGExVO0="></latexit>

<latexit sha1_base64="1VdEVha30Dy89ccHIO0sCTD+5kM="></latexit>



The forward equations 20/44

<latexit sha1_base64="L18TUq4awKn3Jt/yNA85LSojFSw="></latexit>

<latexit sha1_base64="fgQrTvjHN7+YOCai4xW9VTjVDBQ="></latexit>

<latexit sha1_base64="kCtW83Iyz9ce9UvJjPUAnkVRjJU="></latexit>

<latexit sha1_base64="TIVcS+kPQxOhQPm+QKqJDrfJ4CQ="></latexit>

<latexit sha1_base64="8WgcexPfLp1iUgOa5kZB2oNW8Xw="></latexit>

<latexit sha1_base64="HVXlNoxExKsh/hEqQF+/ciUdQmM="></latexit>

<latexit sha1_base64="uJLxcv+Jtu6xlI3g6yk/goMh9As="></latexit><latexit sha1_base64="S6bQEcb++XiEIcU89ctPTWhUYkE="></latexit>

<latexit sha1_base64="QpELeXQL9lFsrq9evs8TJGExVO0="></latexit>

<latexit sha1_base64="tcxvRoo4wfzX3XM8dpGVXwfoPok="></latexit>

<latexit sha1_base64="qsfcPnTUdCnwfqUqsOsMSkbnGXw="></latexit>

<latexit sha1_base64="B1ScmRFSO5/SzaOiE1JllIIxiQg="></latexit>

<latexit sha1_base64="lnuvDL+doKvBloxh1r3jqmCt4zQ="></latexit>

<latexit sha1_base64="pEqsqyI2JL8rKwkUWD/qE74aHb0="></latexit>

<latexit sha1_base64="kPqBZbWM/FmiXzK1/eTI366U0VI="></latexit>



The forward equations 21/44

<latexit sha1_base64="CtAvwbIg2MZh5eamvfoE7oqQaDQ="></latexit>

<latexit sha1_base64="qsbBRrVS4nfJdrXXtiKltoBJ0Uc="></latexit>

<latexit sha1_base64="rugDa+FJau+3iWU9feE+F2nTnXs="></latexit>

<latexit sha1_base64="aAOW3VN/iye2qJA+ShvB/5EKBis="></latexit>

Ø Using (C.7)

: Kalman gain matrix
Ø Using (C.5)

<latexit sha1_base64="tl0FJVhQlhz/EMY8tOI7wz92ikY="></latexit>



Kalman Filter equations 22/44

<latexit sha1_base64="pIkR6/zo+/NnI10EStXya1O9CO4="></latexit>

<latexit sha1_base64="NwQ10MQr4OlBCTd6+hYfdIFKrGU="></latexit>

observed prediction for 
<latexit sha1_base64="OQm5cCOMww+hKCKMYwDmwfbiJvk="></latexit>

observable space

<latexit sha1_base64="CtAvwbIg2MZh5eamvfoE7oqQaDQ="></latexit>

<latexit sha1_base64="IWjwJfbl7EEpC7F8NM1GyFeu3LA="></latexit>

<latexit sha1_base64="L18TUq4awKn3Jt/yNA85LSojFSw="></latexit>

: unaffected by observations
make the variance small

make the variance large



Example for understanding Kalman gain 23/44

<latexit sha1_base64="az+EbkE13xsIuPBfhto1arK2b8s="></latexit>

<latexit sha1_base64="g8yjk7iRNpwCU/lDcCMTE1ulk7E="></latexit>

<latexit sha1_base64="TDzk7t+6AE5gtHI2naNc2BYxmiQ="></latexit>

<latexit sha1_base64="sxrQ0le2ykzFiU0+e54ud8Eab74="></latexit>

<latexit sha1_base64="xEDKDQNPjwnEIC4UFX091kumfgk="></latexit>

※cited from 
PRML13.3_Taniyama #9



The initial conditions 24/44

<latexit sha1_base64="v4UcvOtQkmGmVzKcn9lRkKKyK6w="></latexit>

<latexit sha1_base64="pO2w6P/BxDPXAUwK1I2CAgq1aMQ="></latexit>

<latexit sha1_base64="117aRlEfAvnM4kVSrU5YgUZqF20="></latexit>



Correction by observation 25/44

<latexit sha1_base64="dlkJ2B7Say6HMbheRAIZq7B52k8="></latexit>

<latexit sha1_base64="hYNrU4Dwq2fadBVV2WWqaWdFvCk="></latexit>

<latexit sha1_base64="ccSxb4fEBa+qkmJjqdWd4Le2CVg="></latexit>

<latexit sha1_base64="qVsyqP3pPgp/I3xlg1w429MHpaw="></latexit>be vague be distinct

<latexit sha1_base64="0VL3fk9H3yb9W2MJ4w0EYRS78Lg="></latexit>

priorlikelihood

posterior



Tracking 26/44

observed values

true values

predicted values
the means of posterior

only
clockwise

or
counterclockwise?

<latexit sha1_base64="pIkR6/zo+/NnI10EStXya1O9CO4="></latexit>



Tracking – linear transformation 27/44

<latexit sha1_base64="/pqS8z4n8LO0rdgDI9XySOLO6a4="></latexit>

Ø Examples of linear transformation 

<latexit sha1_base64="VdZCaCzHDjCzaUnXeriRZNKaypE="></latexit>

<latexit sha1_base64="Ylsh3rVR/+9mFd+aahLMe+lQM/M="></latexit>

<latexit sha1_base64="sR9siQTBOOzltDRmhvWobb7RTlA="></latexit>

<latexit sha1_base64="fEgwzB/TYNffBITSNPdyzGOiFh8="></latexit>

<latexit sha1_base64="SGWIvyoB7D4TpV9Uao837cqU6kQ="></latexit>

<latexit sha1_base64="vtibcsPD7WewIap7JpK5p3daxKA="></latexit>

<latexit sha1_base64="4zoKaXVTIhbMhHx1jlKw2E4Sjqg="></latexit>

<latexit sha1_base64="4yd0AhpryoZkb+DPxwHgmhktvWs="></latexit>

<latexit sha1_base64="okZ6ZvM7HdVHY+40pdzFdoJKdMQ="></latexit>

<latexit sha1_base64="i1IqO08U9YJttp3OHrCky4zHqfc="></latexit>

<latexit sha1_base64="P2lxfGIe2f8YlSi4IG2ABnZ/xeY="></latexit>



Tracking – linear transformation 28/44

<latexit sha1_base64="lHbOdaDNZDL7AIuhr3r51kwUhMA="></latexit>

<latexit sha1_base64="vtDYInnVH5T30lTWQd/gYUfoyqc="></latexit>

Ø If we assuming the following two latent variables for the tracking,

Ø This model is restricted on two dimensional linear transformation.

<latexit sha1_base64="PAuFSTG1sU3hNVxmExNBmhiF3Xs="></latexit>

Ø In practice, introducing additional variables is common. 

<latexit sha1_base64="Txlgp8pl53zcvcQha9eMEK01/gk="></latexit>

Ø For example, velocity and acceleration.



No noise 29/44

<latexit sha1_base64="tBsy7/KO1J5U1kKQ69paYyDHKTw="></latexit>

<latexit sha1_base64="liZtAICYGKi/iTglq7m0oZP97OU="></latexit>

<latexit sha1_base64="bN7cbODBFq5D25zQNbfzMfLRKxQ="></latexit>

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

short window

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

Ø change quickly, noise level is low.

Ø change quickly, no noise.



No change 30/44

<latexit sha1_base64="SqqKVs+xz0O8wkq8X8MtzEhjafQ="></latexit>

<latexit sha1_base64="ZhTLMCDPbsWawKSdvZIZ+tMT6TQ="></latexit>

<latexit sha1_base64="LvS/d1+WrTmYNtRe/n89few/ew4="></latexit>

<latexit sha1_base64="U10+qXSjHoodY9zTck48qLB28lM="></latexit>

<latexit sha1_base64="wqMTlI5lCvfEjB+K0dL5UUtUaBY="></latexit> <latexit sha1_base64="maYn1SPzeTGYuRd+eTpss5AYga8="></latexit>

<latexit sha1_base64="g2kU9JUsYkYsO9PTh0rrduhpzkk="></latexit>

<latexit sha1_base64="IWjwJfbl7EEpC7F8NM1GyFeu3LA="></latexit>

assume that for n

<latexit sha1_base64="8cnHVCvWOqnx02EHn4W+h1MStoo="></latexit>

<latexit sha1_base64="9dH9wc/i2oo35Qv704A/S5bAoRc="></latexit>



No change 31/44

<latexit sha1_base64="eoDM2NukimheGq06W7JBV0tjWAs="></latexit>

<latexit sha1_base64="dwRpI/KUSyQiP+KItp9JLTGof3Y="></latexit>

<latexit sha1_base64="/UTKUkpa2eRnJS/6LiwTxgUZN48="></latexit>

long window

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>

<latexit sha1_base64="bc4fqIzLwBDwLHOOuyJjINoYgMw="></latexit>



The backward equations 32/44

Ø also must be Gaussian.

Objective: 
Given:

<latexit sha1_base64="KqI3ZxmGGU/Z8SXcUW84zrbOGxE="></latexit>

<latexit sha1_base64="yr6MZpu7pu/gzzEWltM0Z76vg8E="></latexit>

<latexit sha1_base64="KqI3ZxmGGU/Z8SXcUW84zrbOGxE="></latexit>

<latexit sha1_base64="buUwx7q0NupKDxzi449yeQGuMcQ="></latexit>

Ø Determine 
<latexit sha1_base64="Cow3IN6XLjKUEfSpylF3NJz2Fds="></latexit>

<latexit sha1_base64="yRNL12wsxk17kzIHa1myT0Rdv2Y="></latexit>

<latexit sha1_base64="+00RR7bOEVf4mCXwOcsy6rp/Hl8="></latexit>

<latexit sha1_base64="SvZTJIoE3CBanr7g1cXjHyBK3F4="></latexit>



<latexit sha1_base64="SvZTJIoE3CBanr7g1cXjHyBK3F4="></latexit>

The backward equations 33/44

<latexit sha1_base64="54ZJ5EXKY2ji28/9jVmb2FZyqLg="></latexit>

<latexit sha1_base64="FDZ5oeDPe7iGOLKXqonndYw+PvQ="></latexit>

<latexit sha1_base64="/PCCBTf22hJdx8brKsX4nNCTo5A="></latexit>

<latexit sha1_base64="Z468b7Dd6q/uqE352gGj0RqXeME="></latexit>

<latexit sha1_base64="ctWCUBikCfSlij1mQyv/BvT8cu8="></latexit>

<latexit sha1_base64="BHmQ6hxL0imLK/MCj/0QWwHZG4Y="></latexit>

<latexit sha1_base64="UkZHJTr0OZAxK+OKDK903X8wA/s="></latexit>

<latexit sha1_base64="dTOHcljwazKXYwhXx7FUO0CsbNA="></latexit>

<latexit sha1_base64="d0ihhJ4pJMj7VIl4DkzU+xbnJFE="></latexit>

<latexit sha1_base64="TpNIoNcJZjGcwNOW8Pr0+/Z3YAg="></latexit>

<latexit sha1_base64="54ZJ5EXKY2ji28/9jVmb2FZyqLg="></latexit>

<latexit sha1_base64="FDZ5oeDPe7iGOLKXqonndYw+PvQ="></latexit>

<latexit sha1_base64="/PCCBTf22hJdx8brKsX4nNCTo5A="></latexit>

<latexit sha1_base64="Z468b7Dd6q/uqE352gGj0RqXeME="></latexit>

<latexit sha1_base64="ctWCUBikCfSlij1mQyv/BvT8cu8="></latexit>

<latexit sha1_base64="BHmQ6hxL0imLK/MCj/0QWwHZG4Y="></latexit>

<latexit sha1_base64="UkZHJTr0OZAxK+OKDK903X8wA/s="></latexit>

<latexit sha1_base64="dTOHcljwazKXYwhXx7FUO0CsbNA="></latexit>

<latexit sha1_base64="d0ihhJ4pJMj7VIl4DkzU+xbnJFE="></latexit>

<latexit sha1_base64="TpNIoNcJZjGcwNOW8Pr0+/Z3YAg="></latexit>

<latexit sha1_base64="9rhd02dtBU7XOyib/tTTp9XOFnI="></latexit>

<latexit sha1_base64="1VVUkKnzSgJ3RWEaGb7OoTUIXBE="></latexit>



The backward equations 34/44

<latexit sha1_base64="4ttKVdNZgJS4IOAqO9NaM0xxi7A="></latexit>

<latexit sha1_base64="1zS+l5tNROOpM8BBLs0BB61X0Sk="></latexit>

Ø Determine 
<latexit sha1_base64="+IMRJXjAIIJncTMbWOYFQeqmvpM="></latexit>



The backward equations 35/44

<latexit sha1_base64="Na+pvGgUCyLcbgDwJHhfozq1WNs="></latexit>

<latexit sha1_base64="ZAeCsbMwPfVqwpGlJk9i+xR5J60="></latexit>

<latexit sha1_base64="vFFh7kNSDX7ygcvGWhJ3X5O9y9I="></latexit>

<latexit sha1_base64="rugDa+FJau+3iWU9feE+F2nTnXs="></latexit>

<latexit sha1_base64="Lnt63eUHlGwh5mfjkxvSICTpVZ0="></latexit>

Ø Determine 
<latexit sha1_base64="Cow3IN6XLjKUEfSpylF3NJz2Fds="></latexit>



Kalman Smoother equations 36/44

<latexit sha1_base64="OcR6MKB0rqmtqwl9n6P65Nej8bM="></latexit>

<latexit sha1_base64="tRcL2EVnBmJvBxJRuQT0oEyP12M="></latexit>

<latexit sha1_base64="rugDa+FJau+3iWU9feE+F2nTnXs="></latexit>

<latexit sha1_base64="Lnt63eUHlGwh5mfjkxvSICTpVZ0="></latexit>



The pairwise posterior marginals 37/44

Ø For the EM algorithm.

<latexit sha1_base64="O9IZCuK0RIuC5iYW1m5aRfJKkK0="></latexit>

<latexit sha1_base64="NFnffG7umr2cs+uUCaP4M3KgsuQ="></latexit>

<latexit sha1_base64="ChJnNdDRn5B9LNKeFDHO4+Vqwto="></latexit>

<latexit sha1_base64="zsMK5Sk+gyYtzcL+yG+J5hEm/PI="></latexit>



13.3.2 Learning in LDS



Maximum Likelihood 39/44

<latexit sha1_base64="nxPPDfWO71AfH8VVcyqakCSqgY0="></latexit>

<latexit sha1_base64="+bxVvrDpVkFM25MqmFbrATdb0D0="></latexit>

<latexit sha1_base64="fTB22+kHKB3DidHtRmFP2aoXVAQ="></latexit>

Ø Determine by using the EM.

Ø The following expectations are required.

<latexit sha1_base64="Czjh4uGHpjZCWE7ESQFbpccCNKI="></latexit>



The complete-data likelihood 40/44

<latexit sha1_base64="lBMHxB5GkkAI8ENJgkC3VI6UDo8="></latexit>

<latexit sha1_base64="/Xum+REsY+1iM1keWsWc3LdjbOs="></latexit>

<latexit sha1_base64="HeQ8BdyAYOoENPFIlsTVb/XoWFc="></latexit>



The M step 41/44

<latexit sha1_base64="Ih0mpoxQg7CU4G6i+ixkKmzQogY="></latexit>

<latexit sha1_base64="6+BB3CsAlHBBX7A+h6UeUwziAbg="></latexit>



The M step 42/44

<latexit sha1_base64="djPcLjuD0ZonusRc9xFmdaVpi4s="></latexit>

<latexit sha1_base64="BY7Mn4hPWyv28gm4wNp02H6zd7w="></latexit>

<latexit sha1_base64="AoagNtc4HUEsPltwUO846wWSXtU="></latexit>

<latexit sha1_base64="QieD4cUcv7+sxMnGqVMWHIjw034="></latexit>



The M step 43/44

<latexit sha1_base64="C3PTQYA/e9KVEHjzrd/WGZuu4BI="></latexit>

<latexit sha1_base64="vPZMjVZzxChh/O1G8xAzOI8sXQY="></latexit>

<latexit sha1_base64="uwLXOrx9pNFvPrxWFZu2JNWfCeg="></latexit>



The whole of the algorithm 44/44

1. Initialize

2. The E step. (Kalman Filter and Smoother) 

3. The M step.

4. Return step 2.

<latexit sha1_base64="Czjh4uGHpjZCWE7ESQFbpccCNKI="></latexit>


