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13.3 Linear Dynamical Systems




Motivation behind LDS

» Estimating z with observable x. nKn-temporal

non-observable: =z

— L
observable: x=z4+¢€¢, e~N (0, 021) = ef}a/

» non-temporal
» given a single measurement: Z2 = X

: . 1 N
> given lots of measurements : z = w ) . X,

» temporal

> X will be a new source of error.




Motivation behind LDS

» temporal alll long window
al LA
ZN — Z Xn l T r lrL 'LI l“v“ "IH‘ l‘ ' “
n=N-—L
» change slowly, noise level is high. " 1
long window. oy short “"',.
» change quickly, noise level is low. V' ) 4 M

short window.

» More recent observations will contribute more. 9

» How to form a weighted (- A
eighted window average? =




From HVIM to LDS 7144

non-temporal temporal
Z Z1 Z9 Zp—1 Zn
o &
X X1 X2 Xn—1 X
- N
discrete mixture models HMM

continuous latent

continuous variable models LDS



Requirements 8/44

» Efficient algorithm for inference.

Cna (Zn) — P (Xn’Zn> /a (Zn—l)p (Zn‘zn—l) dzn—l

same form

Zin,

O_
@ 6 0 6
a(zn)

Z Z

A=
66 &

Zn—l)

| =

X cited from PRML13.2.1-
13.2.2_Enomoto #20

» distributions belonging to the exponential family.



Linear-Gaussian Models

PRML 8.1.4
PRML 2.3

p(xi\pai) :N (331 Z Wi4 T g —|—bz’,’0i)

jEPai

D
Inp(x) = Z Inp (x;|pa;)
i=1

D 4 ’
:_;2—?% XT; — Z w;;xr; —b; |+ const

X:{ZE1,CU2,...,£U7} jEpa;

Joint distribution p (x) is Gaussian distribution.



Linear-Gaussian Models

o) L p(Xn+17 7XN|Zn) _
B(zn) = D (Xnalye- s XN|X1yee ) Xp) > Gaussian
Y (Zn) =aQ (Zn) B(Zn) _

66 666 ¢ o




Gaussian Mixture Models g 11/44

The emission densities p(x,|z,) comprise a mixture of K Gaussians.

K
P (Xn|zn) = Z TN (X |AgZy, 21 To measure z using three

Noisy sensors.
= p(s)p (Xn|zn,s)
S

K
where p(s) = H m*
K

p (anzna S) — HN(Xn|Aan7 Ek)Sk

P (zn|Xpn) X P (Xn|Zn) P (21)
GMM GMM Gaussian?




Gaussian Mixture Models g

o N NG 2N /

Even if a(z;) is Gaussian,

Marginal distribution is
a mixture of Gaussian.

Qna (2,)

K-Gaussians  K-Gaussians Gaussian

028 (22) = p (xa|22) / 3 (21) p (2a]21) day

c3Q (z3) :p(X3\23)/&(zz)p(z;;\zQ)dzz

K?-CGaussians K-Gaussians K-Gaussians

» Exact inference will not be practical.



The most probable latent sequence

r=0 x=
y =0 0.3 0.4
y=1 0.3 0.0




Defining the Model

» The transition distributions.
p (Zn’Zn—l) =N (Zn’AZn—la F)

> The emission distributions.
p (Xn‘zn) — N (Xn|CZn7 2) 7 Z2 Zp—1 Zn, Znt1

» The initial latent variable.
p(z1) = N (z1|pg, Po)

» The parameters.
0={AT,C,X u,Po}




Equivalent expression

2y — Azn—l + Wy
x, = Cz,, + v,

w ~ N(w|0,T)
v ~ N(v]0,X)
u NN(U|O,V0)



13.3.1 Inference in LDS




The forward equations

Given: 6 ={A.T',C,X, uy, P}

Objective: p(z,|x1,....%xn), p(Zn|X1,. .., Xn—1), P (Xn|X1,.. ., Xn_1)

h fn
-_O_ ...... O ] O ......
71 Zp_1 —— 7,
a(z) =7

h(z1) =p(z1)p(x1|z1) :Gaussian
fr (Zn—1,2n) = P (Zn|Zn—1) p (Xn|2n) : Gaussian __ |Formof a(zy)
must be Gaussian.

ff,—z, (Zn) = /fn (Zn—1,2Zn) Hf,_1—2,_y (Zn-1)dZn_1

I



The forward equations

Z Z3

a(zn) =N (2n|tt,, V)

e o o

» Determine p,,,V,

Cna (Zn) —p (Xn‘zn) / a (Zn—l)p (Zn|zn—1) dZn—l

p(zn‘zn—l) :N(Zn‘AZn—laI‘)
p(Xn‘Zn) :N(Xn|czn72)

!

Assuming M,,_1, Vn—1
cnN (Zn|pt,, Vi) = N (%,|Czy, B) x are known.

/N(zn|Azn_1,I‘)N(zn_1|p,n_1,Vn_1) dZn_l



The forward equations

/N (Zn|AZn—17 F) N (Zn—l |I«Ln_17 Vn—l) dZn_l p(x) = N(x|u, A_l)

=N (Zn|Au’n—17 Pn—l) | W :N(Y|Aﬂ+biM)

h — 711 —1 AT
where P, 1 =AV, A'+T where M =L"' + AA~'A

P (Xn|X1,. oy Xn—1)| P (Zn]x1,--.,Xn) P (Xn|2n) p(Zn|X1,- -, Xn—1)

cnN (2Zn|py, Vi) = N (%, Czip, 3) XN(Zn’A.Un—laPn—l)

cn =N (x,|/CAp,_,,CP,,_1C" +3)



The forward equations

P (Xn|X1,. - Xn—1)| P (Zn]x1,---,Xn) P (Xn|2n) p(Zn|X1,- - Xn—1)

N (Zn| s Vi) = N (x5|Czip, X) XN(Zn‘ANn—th—l)

p(x) = N(x|p, A7)
p(ylx) = N(y|Ax +b, L")
p(x|ly) = N(x|Z {A"L(y —b) + Au}, %)
where ¥ = (A+ATLA)"

=V, (C'S %, + P, Ap,_,)
V,=(P;l,+C"s'c)"

(C.5) (P'+B"™R'B)  B'R'=PB" (BPB" +R)

(C.7T) (A+BD'C) =A'-A'B(D+CA'B) CA™!

4




The forward equations

» Using (C.7)

V,= (P}, +CTslC)

— (1-K,C)P,_;
where K, =P, ,C" (CP,_,C" +x) ' : Kalman gain matrix
» Using (C.5)

V,CTs %, = (P, + CT="'C) " CT= 'k,
—P, ,.C" (2 +CP,,C") 'x,
= K,x,
n, =K, x, +V,P. L Ap. , =K,x,+1-K,C)P,_P. ' Apu, ,
=Ap, 1 +K, (Xn — CAp,n_l)



Kalman Filter equations

observed prediction for X,
py, =Ap, ; + K, (Xn - CAﬂn—l)

\\ N J
< observable space

r

vV, =(I-K,C)P,_; :unaffected by observations
make the variance small

\.

make the variance large
where P, ,=AV, A" +T

K, =P, ,CT(CP, ,CT+3%)"



Example for understanding Kalman gain

A=C=1T=01YX=02I, V,_1=0- 1

Pn_lz (O'g—|—0'2 )I

et Xz,22 /) Xcited from
2 2 PRML13.3_Taniyama #9
O-Z —|_ O-Z 1
K, = nol ]
" o2+02 402
Z Zy 1 X

My, — Hp_q T Kn (Xn o l’l’n—l)

ai (Jg —+ agn_l)
I

2 2 2
op= T Ozn_l T 0%

V, =




The Initial conditions

c1a(z1) = p(z1) p(x1|z1)

p1 = po + Ki (x1 — Cpyg)
V, = (I- K,C)P,

C1 = N (Xl‘CH’oa CP()CT —+ E)

K, = P,C"T (CP,CT + %)



Correction by observation

Q (Zn—l) be vague K \ be distinct

—p (Zn |X1, - -, Xn—1)
“n—1 Zn ]
posterior
Cna (Zn) — P (Xn Zn) / a (Zn—l)p (Zn|zn—1) dz, 1
=D (Xn Zn>p (Zn‘xla - e 7Xn—1)

likelihood prior



Tracking 26/44

true values

observed values

predicted values

\\ the means of posterior

@' po = Apy g + K, (x, — CAp,_y)

clockwise
or
counterclockwise?




Tracking — linear transformation

> Examples of linear transformation 7 : R? — R?
2.(5)=(5)
(7 &

o %) _ x cost —ysinb
"\ y )\ zsinf+ycosé

g T\ _ x cos 20 + y sin 20
"\ y )\ 2sin20 — ycos26




Tracking — linear transformation

» If we assuming the following two latent variables for the tracking,

Xn = (x?’L?y’I’L)T Zp = (an7 Zyn)T

> This model is restricted on two dimensional linear transformation.

» In practice, introducing additional variables is common.

» For example, velocity and acceleration.

Xn = (Scnyyn)T
Zy — (ZZUn7 Ryn s Un an)T



No noise 2944

» change quickly, noise level is low.

>=0 C=1

K, =P, ,C"(CP,_,CT+%)"

— Au’n—l T Xp — Al"’n—l »

:X,n




No change 3044

I'=0, A=1 C=1I Py— oo
K, = P,C" (= + CP,C") "
— Py (Z+Py)"

p1 = po + Ki (x1 — CApy)
= po + K1 (x1 — o)

Vv, = (P;'+CT=lC)
= (P,' + 2—1)_1

P, {=AV, A" 4T

Po—)OO
Iim py =x3
P0—>OO

Po—oo

'\

_/

assume that for n

l’l”n,:i'n:_ X’L
n -
1=1

Vn — _2

n

1
Kn:_I

n

1

n



K, =P,C" (CP,C"+3X)

—1
—E+E)

No change 31/24

long window

LA
|

mlm.. JI[] l l |j|
T YLFLH’H w! 1 ! ‘ ”

Vn—l—l — (I — Kn—l—lc) Pn

n+ 1 n+1

@

A

Py, + Knt1 (Xn1 —

I’l’n—|—1

1 ] —
1 (Xn_g'z;xi>

n+1

n-+1 4

> x



The backward equations

Given: HZ{AaI‘anE?“'O?PO}? a(zl)w"aa(ZN)
Objective: p(zalx1,...,%xn)

> p(zn|x1,...,%xn) also must be Gaussian.
Y (Zn) = (Zn) B\(Zn) — N (Zn“/]'na{[n)

AN

» Determine p,,,V,
(#) = [ B (@1) s 0s1) (2 12)
J 00) =N (zalp, Vi)

1/\
Cny17Y (Zn) = @ (2n) /E(Zm—l) P (Xn411Zn+1) P (Zna1|2n) dZnia

Q)




The backward equations

o1 (2n) = B @) [ Blni)p o201 p (s 20) dz
Plam) =3 (xﬁ?f’, b |.Z.7Tic)n+1)
GG = @? S
& ¢ SIS ‘| e
Cn+1’Y(Zn) ” — to




The backward equations

Cn+17Y (Zn) — /B\(Zn+1) p (Xn—|—1|zn—|—1)p (Zn—i—l |Zn) a (Zn) dZn—l—l

_ / B (2 ) p (Koest Zms1) P (Bt Zn %1, - %) Az i1

= /g(znﬂ)p (Xn41|Zna1) P (Znr1|X1, - - Xn) P (Zn|Znit, X1, -+, Xpn) dZptq
— /B\(Zn—i—l) Cn—l—l& (Zn—i—l)p (Zn‘zn—{—la X1ye-- 7Xn> dzn—l—l
= Cn+1 /’7 (Zn-l—l)p (Zn‘zn—l-ly X1y ,Xn) dzn—l—l

P (anzn—|—17 X1y 7Xn) — N(Zn|mn7 Mn)

> Determine m,, M,



The backward equations

m, =M, (A'T 'z,11 +V, 1)
M, = (ATT'A+V,)
=V, - V,AT (AV, ;AT +T) AV,

=V,—-V,A"P 'AV,
— (I — JnA) Vn where Jn — VnATP’r:1

N (ulfin V) = [ N (musalfin 12 Vi ) N (2, M)

AN

> Determine p,,, Va



Kalman Smoother equations

l/:l’n — Mn (ATF_lﬁn+1 + Vglu’n)
=Jnbyy + T—JnA) V.V, 'lu,

AN

V,=M,A"T"'V, ,T'AM, + M,,
—V, +7J, (\Afnﬂ _ Pn) gt

where J, =V, AP !



The pairwise posterior marginals

» For the EM algorithm.

E(Zn-1,2n) = ()" @ (Zn—1) D (X0 |20) P (Zn|z-1) 5 (20)

(
( COV [Zyy_1,Zp_1] COV[Zp_1,24] ) _ (

i\/—n— Jn—li}n
COV [Zy, Zipy 1] COV (2, , Zy| \Y . V.,



13.3.2 Learning in LDS



Maximum Likelihood 39/44

» Determine 6 = {A,T',C, X, uy, Po} by using the EM.

» The following expectations are required.

E [ZnZTTL_l: — Jn—lvn T ﬁnﬁz—l

E (202, ] = Voo + i,

n |



The complete-data likelihood 4044

N
Inp(X,Z|6) = Inp (z1]pe, Po) + » Inp(2za|zn_1,A,T)

n=2

N
T Z Inp (x, |2, C, X)

n=1

Q (0.6) = Eyjgora [Inp(X, Z|6)



The M step 41144

1 1

Q (9,901d> = —5 In |PO| — Ez‘eold [—

5 (21— o) Py (21— )|+ const



The M step 4244

Q (9,90“) - —NQ_ LT

N
1 T an
g [52 (o0 — Az 1) T (2 — Az 1)

n=2

-+ const

Ao (i E [znzH) (iﬁ [Z"fle)l

N
1
7 2 AE [2az0] — A"V E [2,-12,]
n=2
_ R [ZnZT_l} A eV L ATEWTR [Zn—lzg_l} (A new )T}

n

I\l’leW —



The M step 4324

0 (9,9010‘) _ %ln b

+ const.

i N
1 Z T <




The whole of the algorithm 4444

1. Initialize 6 ={A,T',C,X, u,, Py}

2. The E step. (Kalman Filter and Smoother)
3. The M step.

4. Return step 2.



